Abstract-Bearingless machines are relatively new devices that consent to suspend and spin the rotor at the same time. They commonly rely on two independent sets of three-phase windings to achieve a decoupled torque and suspension force control. Instead, the winding structure of the proposed multisector permanent magnet (MSPM) bearingless machine permits to combine the force and torque generation in the same three-phase winding. In this paper, the theoretical principles for the torque and suspension force generation are described and a reference current calculation strategy is provided. Then, a robust optimal position controller is synthesized. A multiple resonant controller is then integrated in the control scheme in order to suppress the position oscillations due to different periodic force disturbances and enhance the levitation performance. The linear quadratic regulator combined with the linear matrix inequality theory has been used to obtain the optimal controller gains that guarantee a good system robustness. Simulation and experimental results will be presented to validate the proposed position controller with a prototype bearingless MSPM machine.
extremely harsh environments, such as vacuum and very low and high temperatures, and in sterile conditions with no lubrication requirements, such as chemical and turbo-molecular pumps and artificial hearts [7] .
Research in BM has intensively focused in the force control technique employed to suspend the rotor element. Conventionally, an additional winding with different pole pairs is installed in order to independently control the x-y force components and the torque [8] . On the other hand, the multiphase solution leads to a simpler construction and to the capability of faulttolerant operation. In [9] , the force production principles of a five-phase bearingless motor are presented. A multiphase sectored bearingless drive was presented in [10] where the torque and suspension force production were achieved controlling the q-and d-axis currents, respectively. The cross-coupling effect in the torque and force generation was considered in [11] for a multisector permanent magnet (MSPM) machine. Furthermore, the reference currents have been computed taking into account the Joule losses minimization. The active force control was then exploited to damp selected vibrations at different operating speeds for a test machine equipped with both mechanical bearings. The same motor structure was considered in [12] where two degree of freedom (DOF) levitation could be achieved adopting the space vector decomposition technique to independently control the air gap magnetic fields responsible for the torque and force production.
The position control of all the above-mentioned bearingless machines relies on standard proportional-integral-derivative (PID) regulators. The latter can effectively compensate constant force disturbances; however, they suffer when the disturbance is periodic. The periodic disturbance rejection has been widely investigated especially for AMB, and several controller configurations have been proposed for its suppression. In [13] , a notch filter is implemented to eliminate the synchronous disturbance. In [14] , a disturbance observer is implemented in state space and applied to reject the time-varying disturbances. A multifrequency force disturbance elimination is proposed in [15] consisting of several resonant controllers connected in parallel. The works in [16] and [17] present a position controller involving a stabilizing controller and a harmonic compensator for a bearingless induction motor presenting a two-pole winding for torque generation and a four-pole winding for force production. The stabilizing controller has the only task to keep the rotor stably suspended within the mechanical bounds, and it does not present good periodic disturbance rejection. Therefore, 0885-8993 © 2018 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
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a harmonic compensator is necessary in order to suppress the three vibration frequencies. f r and f s being the rotation and the two-pole winding supply frequencies, respectively, the abovementioned vibration frequencies are as follows: f r , caused by the rotor mass unbalance; 2f s − f r , caused by the slotting and eccentricity in a two-pole motor [18] ; and f s , caused by the interaction between two-pole supply flux and homopolar flux. The latter can be found in machines where the rotor shaft presents a small permanent magnetization. A vibration suppression technique for a flexible shaft has been proposed in [19] using as case study a bearingless induction motor. The radial force control is employed to damp the vibrations while going through the first bending critical speed. A simplified position controller is proposed including proportional, integral, and a so-called practical derivative block. A fourth-order high-cut filter is implemented in the practical derivative block.
In the proposed work, the mathematical model of the MSPM machine is presented according to [11] , [20] , and [21] in order to calculate the reference current optimized values for both radial force and torque production. In particular, the minimization of the stator Joule losses has been chosen as optimization objective.
To the best knowledge of the authors, the synthesis of the radial position controller is often neglected in papers dealing with bearingless drives. Most of them (see [8] [9] [10] , [12] ) just mention that a PID controller is employed without providing the design procedure. In this paper, a robust optimal two-DOF radial position controller is synthesized to stabilize the system. Then, the position control performance is improved adopting a multiresonant controller. The latter is aimed at compensating multifrequency position oscillations caused by periodic force disturbances. The controllers are derived in state-space form, and the linear quadratic regulator (LQR) together with the linear matrix inequality (LMI) theory is used to calculate the controllers parameters in order to guarantee robustness and stability properties in the rotor suspension in the operative speed range. Finally, simulation and experimental results are presented to validate the proposed control strategy for a prototype bearingless MSPM machine.
II. MATHEMATICAL MODEL OF THE MSPM MACHINE
The mathematical model that describes the current to x-y force and torque relation for the considered machine is provided in this section. It will be then employed to obtain the reference current values that minimize the Joule losses in the machine.
A. Machine Structure
The multi-three-phase winding structure can be appreciated in Fig. 1 , whereas the machine main characteristics are listed in Table I . In particular, the bearingless MSPM machine topology considered in this paper consists of n s = p sets of three-phase full-pitched distributed winding with a floating star point. Each winding set occupies 1/3 of the machine circumference, and it does not overlap with the contiguous ones. The left superscript s in this paper will be adopted in order to define quantities related to the single sth sector. The angular position of the generic sector s with respect to the x-axis is given by s γ = s (2π)/n s + γ 0 where γ 0 defines the angular position of the magnetic axis of the sector 1.
B. Machine Mathematical Model
The mathematical model that will be presented in this section is based on the following assumptions: linear magnetic behavior of the materials and magnetic decoupling between sectors. Furthermore, the rotor is considered a rigid body. Under the above-mentioned assumptions, the matrix formulation (1) expresses the generalized mechanical wrench of the motor [22] as a function of the electrical angular position ϑ e = pϑ m of the rotor and stationary reference frame current components s i α and s i β of each sector s.
where
T is the mechanical x-y forces and torque vector and vector of the α-β axis currents. The α-β axis current vector of the generic sector s is defined as follows:
where s i u , s i v , and s i w are the phase currents of sector s, whereas T C is the direct three-phase Clarke transformation written in (3) neglecting the zero-sequence component
Matrix K E (ϑ e , s γ) ∈ R 3×2n s contains the force and torque coefficients that link the α-β current quantities to the mechanical x-y force and torque outputs. Its structure is reported in (4)
Each submatrix s K E (ϑ e , s γ) ∈ R 3×2 can be found in [20] . The problem of calculating the current commands can be solved by inverting matrix K E . However, K E is in general a rectangular matrix and in [20] the minimization of the copper losses has been chosen as the strategy leading to the calculation of the pseudoinverse of K E as follows:
Therefore, the vector current command I * αβ can be calculated in (6)
Conventional PI controllers require d-q axis current in the rotor synchronous reference frame. Hence, the d-q axis reference currents of each sector can be calculated multiplying I * αβ by an appropriate rotating matrix as in (7)
where T R (ϑ e ) is defined in (8)
0 m ,n ∈ R m ×n is a null matrix, and R dq (ϑ e ) ∈ R 2×2 is the clockwise rotation matrix.
III. STATE-SPACE DESIGN OF THE TWO-DOF RADIAL POSITION CONTROL
This section deals with the design and tuning of the x-y axis position controller. The state-space model of the mechanical plant is presented first. An LQR-based tuning procedure is subsequently presented along with a robustness analysis. Finally, a multi resonant (MR)-based control solution is described to cancel sinusoidal disturbances.
A. State-Space Model of the Mechanical Plant
The plant model considered in this paper treats the rotor as a mass m free to move along the x-y axis. Since the ratio between polar and diametral moment of inertia is very small ( 0.097), the gyroscopic effect is neglected and the equations along the x-axis can be considered decoupled from the one along the y-axis. Hereafter, only one axis is considered. The state-space system can be written as follows:
with
x p =T is the state vector defined as the rotor displacement q and the rotor radial speedq, u p is the input force, whereas m and k m are the rotor mass and magnetic stiffness constant, respectively. It is noteworthy that the mechanical plant described in (9) is inherently unstable; hence, the controller has to guarantee the stability of the overall closed-loop system.
B. Optimal Position Controller
A convenient control structure to adopt for regulating the described mechanical plant is the full state feedback. The rotor radial speed measurement is, however, not available in practice. Its calculation through the discrete derivative of rotor position introduces noise in the feedback path. To handle this, the plant input can be extended with an integrator to filter out highfrequency noise. As will be better explained later, this extension results in a low-pass filter in the plant input. The plant must also be extended with an additional integral state on its output to obtain a zero steady-state error [23] . The resulting extended system is
where the state matrices are defined as follows:
A full state feedback control law in the form
can then be computed where
and k f are the proportional, derivative, integral, and filter gains, respectively. The resulting control scheme is reported in Fig. 2 . From Fig. 2 , it can be noted how the feedback loop around the filter integrator moves the pole depending on the value of k f changing the low-pass cutoff frequency. An elegant approach to compute the feedback gain in (13) is to use the LQR technique. With this approach, it is possible to compute a state feedback gain that minimizes the cost function
where Q and R are state and input weight matrices, respectively, explicated in the following section. The term x T Qx takes into account the rapidity of the system to reach the stability point (i.e., the origin) whereas u T Ru accounts for the control effort needed to bring the system states to zero [24] .
C. Robustness Analysis
The LQR tuning method offers good robustness performance, guaranteeing at least 60
• phase margin, infinite positive gain margin, and 0.5 negative gain margin. However, if an extended system is used, the margins are ensured at the extended plant input and not at the original plant one [25] . To overcome this limitation, it is useful to reformulate the LQR problem as the minimization of an H 2 system norm. System (11) can be rewritten as follows:
where z 2 and z ∞ are the H 2 and H ∞ performance output, respectively, whereas d is the system disturbance. Imposing
and
where g is the closed-loop impulse response from d to z 2 assuming the state feedback control law (13). The LQR problem can then be stated as follows: find a state feedback control law (13) that minimizes the H 2 norm defined in (16) . This reformulation can be cast to an LMI problem offering a more flexible resolution of the problem. In particular, it is possible to set a constraint on the H ∞ norm of the transfer function from d to z ∞ allowing to increase closed-loop robustness. In fact, the robustness of the closed-loop system can be studied by analyzing the H ∞ norm of the sensitivity function S(s)
With reference to Fig. 2, L(s) is the open-loop transfer function from d to u p . M s is directly related to gain and phase margin. Indeed, the quantity M s is the inverse of the shortest distance from the Nyquist curve of the open-loop transfer function to the critical point −1. For instance, a sensitivity M s < ξ 0 guarantees that the distance from the critical point to the Nyquist curve is always greater than 1/ξ 0 and that the Nyquist curve of the loop transfer function is always outside a circle of radius 1 M s around the critical point −1, known as the sensitivity circle. Limiting M s to values typically smaller than ξ 0 = 2 ensures good robustness of the closed-loop system [26] .
Defining matrices C 1 , D 11 , and B 1 in (15) as
the closed-loop transfer function from d to z ∞ is equal to S(s) defined in (17) . It is now possible to set an upper bound to M s during the optimal controller syntheses in order to increase the overall system robustness. 
D. Integration of Multiple Resonant Controller (MRC) in the Optimal Position Control
In order to compensate the position oscillation, the relevant system state portion can be filtered by means of a dynamic system presenting high gain at the frequencies to be damped. A multifrequency force disturbance causes a multifrequency position oscillation; hence, a set of dynamic systems, each of them designed to have high gain at a specific frequency, is required in this paper. For this reason, a set of filters is used, forming an MRC [15] . The inclusion of resonant controllers complicates, in general, the tuning of the resulting overall regulator. The presence of complex conjugate poles risk to destabilize the system as soon as the gains increase. In this paper, the resonant controllers are modeled in state-space domain and have been included in the extended plant. In this way, it is possible to adopt the LQR tuning procedure described in Section III-C solving the tuning problem.
The state-space equation of the nth filter is ẋ r,n = A r,n x r,n + B r,n u r y r,n = C r,n x r,n (19) where x r,n is the state vector and A r,n , B r,n , and C r,n are defined as follows:
with ω n = 2πf n the resonant pulsation. In the proposed paper, the first four harmonics of the rotating pulsation are compensated. Hence, defining ω m the rotating speed in rad/s, the n = 4 resonant pulsations are as follows: ω 1 = ω m , ω 2 = 2ω 1 , ω 3 = 3ω 1 , and ω 4 = 4ω 1 . Equation (21) shows the state-space formulation of the MRC ẋ r = A r x r + B r u r y r = C r x r (21) where A r and C r are block diagonal matrices defined as diag (A r,1 , . . . , A r,n ) and diag(C r,1 , . . . , C r,n ), respectively, whereas the macrovector B r is defined piling the vectors B r,n . The output y r can now be inserted in the cost function (14) obtaining
where Q r is the state weight matrix of the MRC that will be defined in Section IV. Defining the augmented state x = x x r T , (22) becomes
]. Equation (23) is the conventional LQR cost function for the augmented systeṁ
A andB 2 are defined as follows:
System (24) is obtained by merging systems (15) and (21) and assuming the rotor position as the input of the MRC (21) . Minimizing the cost function (23) results in a state feedback control law in the form The resulting control structure is depicted in Fig. 3 . The presented controller has been designed to compensate four specific frequencies; however, it is straightforward to customize (21) for any order n.
The synthesis of the optimal controller can be carried out following the formulation presented in Section III-C once matrices A and B 2 are replaced withÂ andB 2 in (15). Furthermore, C 1 , B 1 , C 2 , and D 22 have to be rewritten taking into account the considered MRC as follows:
while D 11 remains unchanged.
E. Gain Calculation in the Operative Frequency Range
Since the frequency of the disturbances to be compensated changes with the motor rotational speed, the MR controller parameters will change accordingly. Fig. 4(a) shows how the closed-loop poles move on the complex plane changing the rotational speed but keeping the controller gains constant. The latter have been calculated assuming ω m = ω max m . It can be noticed that, for a certain speed range, some of the poles cross the imaginary axis making the system unstable. To overcome the problem, a gain-scheduling approach has been adopted. The controller gains are calculated for ten different ω m ranging from 0 to ω max . A linear interpolation is then carried out online in the controller to obtain the optimal gains in the whole speed range. Fig. 4(b) shows that the closed-loop poles stay in the left-hand side of the complex plane for all the operating speed ranges considered.
The numerical values of the controllers gains as well as the weighting matrices will be reported in Section IV.
IV. SIMULATION RESULTS

A. Numerical Values of the Controllers Gains
The feedback vector K e of the standard controller can be obtained by setting the weighting matrices Q and R. Their choice is the key problem in the design of optimal controllers with the LQR method, and it is often based on the designer experience. Indeed, iterative and trial and error approaches are conventionally used to determine those values of Q and R that provide the desired system response. The same has been done for the considered position controller. In particular, both sides of (14) have been divided by R, defined as a scalar quantity for this controller. The operation scales the cost function J LQR but does not change its shape. Therefore, only the weights of matrix Q have to be defined. Increasing the integral weight produces a fast reference signal response, whereas increasing the states, weights produces the opposite effect; hence, Q has been set equal to diag(0, 0, 0, q I ). On the other hand, high values of q I result in high-low-pass filter cutoff frequencies, hence worst noise rejection capabilities. Therefore, the choice of q I is a tradeoff between a good system dynamic and a good noise rejection. The integral weight q I was chosen equal to 3e23 in this paper. Furthermore, the sensitivity function is constrained setting the value of ξ 0 equal to 2. The controller gains obtained are reported in Table II . Fig. 5 reports a comparison between the sensitivity function of the LQR controller described in Section III-B and the robust one described in Section III-C. As can be noted, in the second case, the sensitivity function does not exceed the setting value ξ 0 enhancing the system robustness.
In the MRC considered in this paper, n = 4; hence, the size of the feedback vectorK is 12, where the first four elements correspond to K e , whereas the remaining eight ones are the resonant state vector gains. R and ξ 0 remain unchanged, whereaŝ Q has to be used as a weighting matrix, including Q, previously defined, and Q r = diag(10q r , 8q r , 6q r , 4q r ) where q r is set equal to 1e17. Table III shows the gain values for the ten operating speeds considered, covering the operative frequency range. Furthermore, Fig. 5(b) shows that the sensitivity function is maintained below ξ 0 for all the speed ranges.
B. Simulation Model
The simulation results that are going to be presented are obtained in the MATLAB-Simulink environment.
A simulation model has been built following the control scheme shown in Fig. 6 . It consists of a position controller, responsible for the calculation of the force references, followed by the mathematical model of the motor where (6) and (7) are employed to calculate the d-q axis reference current signals. The electromagnetic model of the machine is stored in the form of a lookup table. It provides the machine mechanical outputs, such as overall x-y axis force components and torque having as input the 2n s d-q axis currents. The lookup table has been created by mean nonlinear finite elements simulations using Magnet 7.7.1 to take into account the iron saturation. Finally, the x-y axis force components feed the rotor-dynamic model of the motor written in form of state-space system in (9) .
A multifrequency force disturbance of the form (28) is injected in the simulation model in order to produce the position oscillation Fig. 7 shows the comparative results between position control performances considering the optimal and the MR controller for a transient simulation. In particular, the rotation speed ω m has been varied from zero to 2π30, 2π40, and 2π50 with slopes as presented in Fig. 7(a) . The x-y axis components F x,d and F y ,d of the force disturbance injected in the model are calculated with (28) and shown in Fig. 7(b) . Finally, Fig. 7(c) and (d) shows the x-y axis rotor position obtained by employing the optimal and the MR controllers, respectively. It can be observed that both controllers present similar performances at start-up, with the rotor being lifted from the touch down position ( q = [0, −δ max ]) and reaching the reference position ( q * = [0, 0]) with a small overshoot in about 15 ms. However, the performance of the optimal controller significantly deteriorates as soon as the rotor speed increases and the force disturbance arises. This can be observed in Fig. 7(c) where the rotor position reaches a maximum displacement of around 90 μm when the rotation speed is 2π50 rad/s and the force disturbance presents its maximum magnitude and frequency. Therefore, an MRC is required to guarantee a good performance in the bearingless operation. Fig. 7 (d) shows that the MRC introduced effectively suppresses the multifrequency oscillation after a short transient in the whole operating speed range.
C. MR Position Control Performance
Section V will present the experimental results obtained with both position controllers on a prototype bearingless MSPM machine.
V. EXPERIMENTAL RESULTS
A. Description of the Experimental Setup
The experimental setup is detailed in all its parts in Fig. 8 . Fig. 8(a) shows the three three-phase inverters, each of them connected to one of the MSPM motor winding [ Fig. 8(c) ]. The power module of the single inverter is a dual-in-line package intelligent power module (PS21A79) manufactured by Mitsubishi Semiconductor operated at 10 kHz switching frequency. The industrial control boards mounted on each inverter have been removed and substituted by one centralized and custom-made control platform [27] [ Fig. 8(b) ] that communicates with the power module gate drives by means of fiber optics cables.
In the presented bearingless drive, two-DOF are actively controlled; hence, the tilting movement and the axial displacement must be constrained by a self-alignment bearing mounted on one side of the shaft. The other side is free to move along the x-y axes within a certain displacement given by the clearance δ max of the backup bearing. Fig. 8(d) shows the two eddy currents displacement probes mounted on the backup bearing housing along the x-y axes.
B. Periodic Disturbance Suppression
The suppression of the multifrequency position oscillation has been tested for three different operating speeds (ω m = 2π30, 2π40, and 2π50 rad/s) in order to experimentally validate the stability of the position controllers in the operative speed range. Fig. 9(a)-(c) shows the rotor trajectory in a x-y plane. It can be noticed that both the optimal and the MR position controllers can achieve a more performing bearingless operation keeping the rotor element well far from the backup bearing inner surface. From the figures, it can also be observed that the MRC significantly improves the levitation performances maintaining the rotor displacement within 10 μm against the 40 μm of the optimal controller. The harmonic spectrum of the x-axis position for the three rotation speeds considered is presented in Fig. 10 . It can be well appreciated how the MRC manages to damp the first four position harmonics corresponding to the pulsations ω 1 = ω m , ω 2 = 2ω 1 , ω 3 = 3ω 1 , and ω 4 = 4ω 1 .
The previous experimental results validate the improvements in terms of levitation performances of the MRC with respect to the optimal one in steady-state operating conditions. However, the rapidity of damping the position oscillation should also be taken into account in the analysis; hence, a transient test has been performed running the motor progressively from standstill to 2π30, 2π40, and 2π50 Hz within 1 s. The results are presented in Fig. 11(a) and (b) . The MR position controller is activated after 10 ms and the rotor reaches the reference position in about 15 ms [ Fig. 11(b) ], which is in good agreement with the simulation result obtained. Then, the rotor is accelerated, as shown in Fig. 11(a) , and the MRC quickly operates to damp the position oscillation during the speed variations [ Fig. 11(b) ].
VI. CONCLUSION
In the presented work, the theoretical principles of the torque and suspension force generation of the bearingless MSPM machine have been illustrated. The obtained mathematical model has been exploited to calculate the optimal reference current signals targeting the minimization of the Joule losses.
Then, a robust optimal position controller is introduced and synthesized following a state-space approach. The LQR and the LMI techniques have been adopted to calculate the controllers gains taking into account the robustness of the overall closed-loop system. A multiresonant controller has been finally added to compensate the periodic disturbances. A comparison of the two proposed controllers is carried out by means of numerical simulations aiming at the compensation of the periodic disturbance.
Finally, the proposed position controller design is validated experimentally on a prototype bearingless MSPM machine showing that the MRC performs an effective rejection of the position oscillations enhancing the levitation performance of the bearingless drive. 
